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Abstract
In the present paper, we canonically quantize an homogeneous and
isotropic Horˇava-Lifshitz cosmological model, with constant positive
spatial sections and coupled to radiation. We consider the projectable
version of that gravitational theory without the detailed balance con-
dition. We use the ADM formalism to write the gravitational Hamil-
tonian of the model and the Schutz variational formalism to write
the perfect fluid Hamiltonian. We find the Wheeler-DeWitt equation
for the model, which depends on several parameters. We study the
case in which parameter values are chosen so that the solutions to the
Wheeler-DeWitt equation are bounded. Initially, we solve it using the
Many Worlds interpretation. Using wavepackets computed with the
solutions to the Wheeler-DeWitt equation, we obtain the scalar fac-
tor expected value 〈a〉. We show that this quantity oscillates between
finite maximum and minimum values and never vanishes. Such result
indicates that the model is free from singularities, at the quantum
level. We reinforce this indication by showing that by subtracting one
standard deviation unit from the expected value 〈a〉, the latter remains
positive. Then, we use the DeBroglie-Bohm interpretation. Initially,
we compute the Bohm’s trajectories for the scale factor and show that
they never vanish. Then, we show that each trajectory agrees with
the corresponding 〈a〉. Finally, we compute the quantum potential,
which helps understanding why the scale factor never vanishes.
1 Introduction
General relativity is presently the most successful theory of gravitation, be-
cause it explains in a precise way several observational phenomena and also
predicts several new ones, that have been confirmed over the years. The most
recent confirmation was the first detection of gravitational waves [1]. The
application of general relativity to cosmology gave rise to a very complete
and detailed description of the birth and the evolution of our Universe. Un-
fortunately, general relativity is not free of problems. In a series of theorems
it has been shown that, for very general and reasonable conditions, a large
class of spacetimes satisfying the general relativity field equations do develop
singularities [2]. Those singularities develop under extreme gravitational con-
ditions and once they appear general relativity loses its predictive power. One
proposal for eliminating those singularities was the quantization of general
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relativity. Unfortunately, it was shown that general relativity is not pertur-
batively renormalizable [3]. After that discovery many geometrical theories
of gravity, distinct from general relativity and perturbatively renormalizable,
have been introduced. Regrettably, those theories produce massive ghosts in
their physical spectrum and they are not unitary theories[4].
In 2009 Petr Horˇava introduced a geometrical theory of gravity with a dif-
ferent property [5]. In his theory, nowadays known as Horˇava-Lifshitz theory
(HL), there is an anisotropic scaling between space and time. His inspiration
came from condensed matter physics where that anisotropy between space
and time is common and it is represented by a dynamical critical exponent
z [6, 7, 8, 9]. For physical systems which satisfy Lorentz invariance we have
z = 1. The main motivation of Horˇava for the introduction of that anisotropy
is that of improving the short-distance behavior of the theory. It means that
Lorentz symmetry is broken, at least at high energies, where that asymmetry
between space and time takes place. At low energies the HL theory tends
to GR, thus recovering Lorentz symmetry. As discussed by Horˇava [5], a
theory of gravity using those ideas is power-counting renormalizable, in 3+1
dimensions, for z = 3. Besides, GR is recovered when z → 1. The HL
theory was formulated, originally, with the aid of the Arnowitt-Deser-Misner
(ADM) formalism [10]. In the ADM formalism the four dimensional metric
gµν (µ, ν = 0, 1, 2, 3) is decomposed in terms of the three dimensional met-
ric hij (i, j = 1, 2, 3), of spatial sections, the shift vector Ni and the lapse
function N , which is viewed as a gauge field for time reparametrizations. In
general all those quantities depend both on space and time. In his original
work, Horˇava considered the simplified assumption that N should depend
only on time [5]. This assumption has became known as the projectable con-
dition. Although many works have been written about HL theory using the
projectable condition, some authors have considered the implications of work-
ing in the non-projectable condition. In other words, they have considered
N as a function of space and time [11, 12]. The gravitational action of the
HL theory was proposed such that the kinetic component was constructed
separately from the potential one. The kinetic component was motivated by
the one coming from GR, written in terms of the extrinsic curvature tensor.
It contains time derivatives of the spatial metric up to the second order and
one free parameter (λ), which is not present in the general relativity kinetic
component. At the limit λ → 1, one recovers GR kinetic component. The
potential component must depend only on the spatial metric and its spatial
derivatives. As a geometrical theory of gravity, the potential component of
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the HL theory should be composed of scalar contractions of the Riemann
tensor and its spatial derivatives.
In his original paper [5], Horˇava considered a simplification in order to
reduce the number of possible terms contributing to the potential compo-
nent of his theory. It is called the detailed balance condition. Although this
condition indeed reduces the number of terms contributing to the potential
component, some authors have shown that, without using this condition, it is
possible to construct a well defined and phenomenologically interesting the-
ory, without many more extra terms [13, 14]. Like other geometrical theories
of gravity, it was shown that the projectable version of the HL theory, with
the detailed balance condition, has massive ghosts and instabilities [14, 15].
The HL theory has been applied to cosmology and produced very interesting
models [16, 17, 18, 19, 20, 21, 22, 23]. For a recent review on some aspects
of the HL theory, see Ref.[24].
One of the first attempts to quantize the gravitational interaction was
the canonical quantization of general relativity (CQGR). When applied to
homogeneous cosmological spacetimes, the CQGR gives rise to quantum cos-
mology (QC). Although many physicists believe that QC is not the correct
theory to describe the Universe, at the quantum level, an important point has
been raised by that theory. It is related to the interpretation of that quantum
theory of the whole Universe. The Copenhagen interpretation of quantum
mechanics cannot be applied to that theory because it is not possible to ap-
ply a statistical interpretation to a system composed of the entire Universe.
One cannot repeat experiments for that system. Two important interpre-
tations of quantum mechanics that can be used in QC are those known as
the Many Worlds [25] and the DeBroglie-Bohm [26, 27] interpretations. In
many aspects they lead to the same results as the Copenhagen interpreta-
tion and can be applied to a system composed of the entire Universe. The
Many Worlds is the interpretation most commonly used in QC, although the
DeBroglie-Bohm interpretation has been applied to several models of quan-
tum cosmology with great success [23, 28, 29, 30, 31, 32, 33, 34, 35]. For more
references on the use of the DeBroglie-Bohm interpretation in QC see Ref.[36].
In most of those models, the authors compute the scale factor trajectory and
shows that this quantity never vanishes. That result gives a strong indication
that those models are free from singularities, at the quantum level. Another
important quantity introduced by the DeBroglie-Bohm interpretation is the
quantum potential (Q) [26, 27]. For those quantum cosmological models, the
determination of Q helps understanding why the scale factor never vanishes.
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Another interesting application of the DeBroglie-Bohm interpretation in
QC is a recent proof of the idea that the Universe could be spontaneously
created from nothing. In Ref. [37], the authors show that a Friedmann-
Robertson-Walker (FRW) quantum cosmological model, without any matter
content, produces exponentially growing Bohm’s trajectories for the scale
factor, for a particular operator ordering. The exponential expansion ends
when the Universe becomes large enough such that the early Universe ap-
pears. The authors show that such expansion may be explained by the
presence of a specific term in Q, for that model, which has the same math-
ematical expression of one that would be produced in the classical potential
if a cosmological constant were present. Finally, in Ref. [38], the authors
introduce a new interpretation for the square modulus of the wavefunction
of the Universe (ρ). For a certain FRW quantum cosmological model, they
show that ρ, which, in that case, is a function of the scale factor a, represents
the probability density of the universe staying in the state where the scale
factor assumes the value a, during its evolution. The authors call it the dy-
namical interpretation of the wavefunction of the Universe. As we shall see,
in Section 3, it is not possible to use that interpretation for the present HL
cosmological models.
In the present paper, we canonically quantize a homogeneous and isotropic
Horˇava-Lifshitz cosmological model, with constant positive spatial sections
and coupled to radiation. We consider the projectable version of that gravi-
tational theory without the detailed balance condition. We use the ADM for-
malism to write the gravitational Hamiltonian of the model and the Schutz
variational formalism to write the perfect fluid Hamiltonian. We find the
Wheeler-DeWitt equation for the model. That equation depends on several
parameters coming from the HL theory. We study the case in which the val-
ues of the HL parameters are such that the solutions to the Wheeler-DeWitt
equation are bounded. Initially, we solve it using the Many Worlds inter-
pretation. Using wavepackets computed with the solutions to the Wheeler-
DeWitt equation, we obtain the scalar factor expected value 〈a〉. We show
that this quantity oscillates between maximum and minimum values and
never vanishes, indicating that the model is free from singularities at the
quantum level. This indication is further reinforced by the observation that
if one unit of standard deviation is subtracted from the expected value 〈a〉,
what results is still positive. We also study how the expected value of the
scale factor depends on each of the HL parameters. Next, now from the
standpoint of DeBroglie-Bohm interpretation, we compute Bohm’s trajecto-
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ries for the scale factor, showing that they never vanish. We show that each
trajectory agrees with the corresponding 〈a〉. In addition, we also compute
the quantum potential, which helps understanding why the scale factor never
vanishes.
It is important to mention that in Refs.[18, 23], the authors studied the
QC version of the present model with k 6= 0, but neglecting the HL param-
eters gC , gΛ and gr. There, the Many Worlds interpretation[18, 23] and the
DeBroglie-Bohm interpretation[23] were used. In Ref.[17], the authors stud-
ied the QC version of the present model with k = 1, using the Many Worlds
interpretation, but neglecting the HL parameter gΛ. In the present work, we
will study the QC version of the HL model with k = 1, without neglecting
any HL parameter and using both theMany Worlds and the DeBroglie-Bohm
interpretations.
Taking into account current cosmological observations, the model intro-
duced here is not able to describe the present accelerated expansion of our
Universe [39]. However, it is not our intention to describe the present stage
of our Universe with such model; rather, we intend to describe a ‘possible’
stage of our primordial Universe. Of course, after that initial stage the Uni-
verse would have to undergo a transition in which the HL parameters should
change in order to allow an accelerated expansion.
In Section 2, we construct the classical version of the homogeneous and
isotropic HL cosmological model, with constant positive spatial sections and
coupled to radiation. In Section 3, we quantize the classical version of the
model and solve the resulting Wheeler-DeWitt equation. Using the solutions,
we construct wavepackets and compute the scale factor expected value, and
investigate how the latter depends on each of the HL parameters. Finally,
we evaluate the behavior of the scale factor expected value after subtract-
ing from it one unit of standard deviation of a. In Section 4, we compute
Bohm’s trajectories for the scale factor and the corresponding quantum po-
tentials, also investigating how the Bohm’s trajectories depend on the HL
parameters. We also compare Bohm’s trajectories for the scale factor with
the corresponding expected values of that quantity. Section 5 summarizes
our main points and results.
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2 Classical Horˇava-Lifshitz model coupled to
radiation
In the present work, we shall consider homogeneous and isotropic spacetimes.
They are described by the FRW line element, given by
ds2 = −N (t)2dt2 + a(t)2
(
dr2
1− kr2 + r
2dΩ2
)
, (1)
in which dΩ2 is the line element of the two-dimensional sphere with unitary
radius, a(t) is the scale factor, N (t) is the lapse function [40] and k represents
the constant curvature of the spatial sections. The curvature is positive for
k = 1, negative for k = −1 and zero for k = 0. Here, we are using the natural
unit system, in which c = 8πG = h¯ = 1. We assume that the matter content
of the model is represented by a perfect fluid with four-velocity Uµ = δµ0
in the co-moving coordinate system used. The energy-momentum tensor is
given by
Tµν = (ρ+ p)UµUν + pgµν , (2)
in which ρ and p are the energy density and pressure of the fluid, respectively.
The Greek indices µ and ν run from zero to three. The equation of state for
a perfect fluid is p = ωρ, in which ω is a constant the value of which specifies
the type of fluid.
The action for the projectable HL gravity, without the detailed balance
condition, for z = 3 and in 3 + 1-dimensions is given by [16],
SHL =
M2p
2
∫
d3xdtN
√
h
[
KijK
ij − λK2 − g0Mp2 − g1R−Mp−2
(
g2R
2 + g3RijR
ij
)
− Mp−4
(
g4R
3 + g5RR
i
jR
j
i + g6R
i
jR
j
kR
k
i + g7R∇2R + g8∇iRjk∇iRjk
)]
,
(3)
in which gi and λ are parameters associated with HL gravity, Mp is the
Planck mass, Kij are the components of the extrinsic curvature tensor and
K represents its trace, Rij are the components of the Ricci tensor and R is the
Ricci scalar, both should be computed with the metric of the spatial sections
hij, h is the determinant of hij and ∇i represents covariant derivatives. The
Latin indices i and j run from one to three. As we have mentioned above,
the GR kinetic component is recovered in the limit λ→ 1.
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Introducing the metric of the spatial sections that comes from the FRW
space-time (1), in the action (3) and choosing g0M
2
p = 2Λ and g1 = −1, we
can write the action as
SHL = κ
∫
dtN
[
− a˙
2a
N 2 +
1
3 (3λ− 1)
(
6ka− 2Λa3 − 12k
2
aM2p
(3g2 + g3)
− 24k
3
a3M4p
(9g4 + 3g5 + g6)
)]
, (4)
in which
κ =
3(3λ− 1)M2p
2
∫
d3x
r2 sin θ√
1− kr2 .
If we choose, for simplicity, κ = 1, we will write the HL Lagrangian density
(LHL), from SHL in Eq. (4) as,
LHL = N
[
− a˙
2a
N 2 + gcka− gΛa
3 − grk
2
a
− gsk
3
a3
]
, (5)
in which the new parameters are defined by
gc =
2
3λ− 1 , gΛ =
2Λ
3 (3λ− 1) , gr =
4
(3λ− 1)M2p
(3g2 + g3) , (6)
gs =
8
(3λ− 1)M4p
(9g4 + 3g5 + g6) .
The parameter gc is positive, by definition, and the others may be either
positive or negative.
Now, we want to write the HL Hamiltonian density. To accomplish the
task, we must compute the momentum canonically conjugated to the single
dynamical variable present in the geometry sector, i.e., the scale factor. Using
the definition, that momentum (Pa) is given by,
Pa =
∂L
∂a˙
=
∂
∂a˙
[
− a˙
2a
N
]
= −2a˙aN . (7)
Introducing Pa (7) into the definition of the Hamiltonian density, with the
aid of LHL (5), we obtain the following HL Hamiltonian (HHL):
HHL = NHHL = N
[
−P
2
a
4a
− gcka + gΛa3 + gr k
2
a
+ gs
k3
a3
]
. (8)
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In this work, we will obtain the perfect fluid Hamiltonian (Hpf) using
Schutz’s variational formalism [41, 42], in which the four-velocity (Uν) of the
fluid is expressed in terms of six thermodynamical potentials (µ, ǫ, ζ , β, θ,
S), in the following way,
Uν =
1
µ
(ǫ,ν + ζβ,ν + θS,ν) , (9)
in which µ is the specific enthalpy, S is the specific entropy. The parameters
ζ and β, absent from the FRW models, are connected to rotation. The
remaining parameters ǫ and θ have no clear physical meaning. The four-
velocity obeys the normalization condition,
UνUν = −1. (10)
The starting point for writing the Hpf for the perfect fluid is the action (Spf ),
which in this formalism is written as
Spf =
∫
d4x
√−g(16πp) , (11)
in which g is the determinant of the four-dimensional metric (gαβ) and p
is the fluid pressure. Inserting the metric (1), Eqs. (9) and (10), the fluid
equation of state and the first law of thermodynamics into the action (11),
and after some thermodynamical considerations, that action takes the form
[43],
Spf =
∫
dt

N− 1ω a3ω(ǫ˙+ θS˙)1+
1
ω
(ω + 1)1+
1
ω
e−
S
ω

 . (12)
From this action, we can obtain the perfect fluid Lagrangian density and
write the Hamiltonian (Hpf),
Hpf = NHpf = N
(
P ω+1ǫ a
−3ωeS
)
, (13)
in which
Pǫ = N− 1ωa3(ǫ˙+ θS˙)
(ω+1)
−
1
ω
ω e−
S
ω .
We can further simplify the Hamiltonian (13), by performing the following
canonical transformations [44],
T = −PSe−SP−(ω+1)ǫ , PT = P ω+1ǫ eS, ǫ¯ = ǫ− (ω+1)
PS
Pǫ
, P¯ǫ = Pǫ, (14)
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in which PS = θPǫ. Under these transformations the Hamiltonian (13) takes
the form
Hpf = NHpf = N PT
a3ω
, (15)
in which PT is the momentum canonically conjugated to T . We can write
now the total Hamiltonian of the model (H), which is written as the sum of
HHL (8) with Hpf (15),
H = NH = N
[
−P
2
a
4a
− gca + gΛa3 + gr
a
+
gs
a3
+
PT
a
]
. (16)
Here, we have set k = 1 (in order to consider only spacelike hypersurfaces
with positive constant curvatures) and ω = 1/3 (to restrict the matter con-
tent of the Universe to radiation). The classical dynamics is governed by
Hamilton’s equations, derived from eq. (16).
In order to have an idea of the scale factor classical behavior, we derive
Friedmann equation by varying H (16) with respect to N and equating it
to zero. In the ADM formalism, such equation is also known as the super-
Hamiltonian constraint [40]. Now, in the conformal gauge N = a, we have
Pa = −2a˙, in which the dot means derivative with respect to the conformal
time. Therefore, we may write Friedmann equation in terms of a˙ as
a˙2 + Vc(a) = 0, (17)
in which,
Vc(a) = gca
2 − gΛa4 − gr − gs
a2
− PT (18)
is the classical potential. The scale factor behavior depends on the particular
shape of the classical potential which, in its turn, depends on the values of
its parameters. The parameters gc and PT are both positives because gc is
associated to the curvature coupling constant and PT to the fluid energy
density. The other parameters may be either positive or negative. In the
present work, we shall study the models in which gr is positive and gs and
gΛ are negative. For those choices, the scale factor turns out be bounded
(in other words, it oscillates between maximum and minimum finite values).
Those models are thus free from the big bang singularity.
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3 Many Worlds Interpretation
3.1 Eigenvalue equation and the spectral method
We wish to quantize the model following the Dirac formalism for constrained
systems [45]. First we introduce a wave-function Ψ which is a complex func-
tion of the canonical variables a and T ,
Ψ = Ψ(a, T ) . (19)
By setting up the correspondence between the real variables a and T and
operators aˆ and Tˆ , respectively, we then impose appropriate commutators
between those operators and their corresponding conjugate momenta Pˆa and
PˆT . In the Schro¨dinger picture, the effect of applying aˆ and Tˆ on Ψ amounts
to multiplying Ψ by a and T , respectively, whereas operating the conjugate
momenta on Ψ amounts to applying the differential operators
Pˆa → −i ∂
∂a
, PˆT → −i ∂
∂T
(20)
on Ψ. Finally, we demand that the operator corresponding to H (16) (Hˆ)
annihilate the wave-function Ψ. That leads to Wheeler-DeWitt equation,(
− 1
4
∂2
∂a2
+ gca
2 − gΛa4 − gr − gs
a2
)
ψ(a, τ) = i
∂
∂τ
ψ(a, τ). (21)
in which the new variable τ = −T has been introduced. The operator Hˆ is
self-adjoint [46] with respect to the internal product of two functions φi and
φj,
(φi, φj) =
∫
∞
0
da φi(a, τ)
∗ φj(a, τ) , (22)
if the wave functions φ are restricted to those satisfying either φ(0, τ) = 0 or
φ′(0, τ) = 0. Here, the prime ′ means the partial derivative with respect to a.
We consider wave functions satisfying the first type of boundary condition
and we also demand that they vanish when a→∞.
The Wheeler-DeWitt equation (21) may be solved by writing the wave
function Ψ(a, τ) as
Ψ(a, τ) = e−iEτ η(a), (23)
in which η(a) depends solely on a and satisfies the eigenvalue equation
−d
2η(a)
da2
+ V (a) η(a) = 4E η(a) , (24)
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so that
V (a) = 4gca
2 − 4gΛa4 − 4gr − 4gs
a2
. (25)
In the same way as in the classical regime, the potential V (a) gives rise
to bound states. Therefore, the possible values of the energy E in Eq.(24)
of those states belong to a discrete set of eigenvalues En, in which n ∈
{1, 2, 3, ...}. For each eigenvalue En, there is a corresponding eigenvector
ηn(a). The general solution to the Wheeler-DeWitt equation (21) is a linear
combination of all those eigenvectors,
Ψ(a, τ) =
∞∑
n=1
Cnηn(a)e
−iEnτ , (26)
in which Cn are constant coefficients to be specified. We will use Galerkin
spectral method (SM) [47] in order to solve the eigenvalue equation (24).
This method has already been used in quantum cosmology [48, 49, 50] and
also in several areas of classical general relativity [51, 52, 53, 54]. One im-
portant condition for the SM is that the solutions of the equation in question
must fall sufficiently fast for large values of the independent variable. In
the present situation that variable is the scale factor a. Taking into account
such restrictions, we impose that 0 < a < L, in which L is a real number
to be suitably chosen. As we have mentioned above, we shall consider, here,
wavefunctions satisfying the condition Ψ(0, τ) = 0. It is convenient, then,
to choose our basis functions to be sine functions. Therefore, we may write
ηn(a) in Eq. (24) as,
η(a) ≈
N∑
n=1
An
√
2
L
sin
(
nπa
L
)
, (27)
in which the coefficients An are yet to be determined, and a finite number
N of base functions has been chosen. For the same domain of a, we also use
the same basis to expand the terms of Eq. (24),
V (a)η(a) ≈
N∑
n=1
N∑
m=1
Cm,nAm
√
2
L
sin
(
nπa
L
)
, (28)
4η(a) ≈
N∑
n=1
N∑
m=1
C ′m,nAm
√
2
L
sin
(
nπa
L
)
, (29)
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in which V (a) is given by Eq. (25) and the coefficients Cm,n and C
′
m,n can
be easily determined to be,
Cm,n =
2
L
∫ L
0
sin
(
mπa
L
)
V (a) sin
(
nπa
L
)
da, (30)
C ′m,n =
2
L
∫ L
0
sin
(
mπa
L
)
4 sin
(
nπa
L
)
da. (31)
Introducing the results in Eqs. (27)-(31) into the eigenvalue equation (24)
and due to orthonormality of the basis functions, we obtain
(
nπ
L
)2
An +
N∑
m=1
Cm,nAm = E
N∑
m=1
C ′m,nAm, (32)
which may be written in compact notation as
C ′−1DA = E A , (33)
in which C ′ is the N ×N square matrix the elements of which are given by
(31) and D is a N ×N square matrix with elements of the form,
Dm,n =
(
nπ
L
)2
δm,n + Cm,n. (34)
The solution to Eq. (33) gives the eigenvalues and corresponding eigenfunc-
tions to the bound states of our quantum cosmological model.
For the sake of completeness, it is interesting to notice that the dynamical
interpretation of the wavefunction of the Universe, introduced in Ref. [38],
cannot be used in our paper, because Eq. (14), page 362, of Ref. [38] is
not satisfied here. Although we consider HL quantum cosmological models
and Schutz variational formalism, in order to describe the matter content
of those models, it is possible to introduce a conserved current ja, from Eq.
(24), page 11, similar to the one given in Eq. (7), page 362, of Ref. [38] and
we can, also, write an expression similar to Eq. (13), page 362, of Ref. [38].
The problem is that the operator ordering parameter p, introduced in Eq.
(5), page 362, of Ref. [38], is p = 0 in our paper, from the Wheeler-DeWitt
Eq. (21) or Eq. (24), page 11. Therefore, Eq. (14) of Ref. [38] cannot
be satisfied, and the relation between ρ(a) and the Hubble parameter is not
well-behaved, for the entire domain of a.
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3.2 Scale factor expected values and standard devia-
tion
In the present subsection we solve the eigenvalue equation (24) using the
SM. In order to understand how the expected value of the scale factor 〈a〉
depends on each HL parameter, we compute 〈a〉 by fixing all parameters
but one, thus observing how 〈a〉 depends on that varying parameter. The
procedure is repeated, having all HL parameters vary in the same manner.
We also study how 〈a〉 depends on the number of base functions N present
in ηn(a) (27). We consider the cases where 2 ≤ N ≤ 10. An important
ingredient in the SM is the variable L. In order to improve our results, we
compute the best value of L for each value of a given HL parameter.
We compute the scale factor expected value as
〈a〉 =
∫
∞
0 a |Ψ(a, τ)|2da∫
∞
0 |Ψ(a, τ)|2da
, (35)
in which Ψ(a, τ) is given by Eq. (26). In order to compute Ψ(a, τ), we use
the eigenvectors ηn(a) and eigenvalues En, derived from Eq. (24) with the
SM. We, also, set all coefficients Cn to unit in Eq. (26).
As we shall see, for all HL parameters and N values considered, 〈a〉
oscillates between maximum and minimum values and never vanishes, hence
giving an initial indication that those models are free from singularities, at
the quantum level. The domain where 〈a〉 oscillates depends on the mean
energy (E¯) of the wavepacket considered. That quantity is specified by the
number N , of base functions contributing to the wavepacket, and the energy
eigenvalues of those N base functions. We may refine the evidence that
〈a〉 never vanishes by computing a ≡ 〈a〉 − σa, in which σa is the standard
deviation of a. If a is always positive like 〈a〉, it will be a stronger indication
that the model is free from singularities, at the quantum level. We compute
a, for the present model. The standard deviation of a is defined as
σa =
√
〈a2〉 − 〈a〉2, (36)
in which, 〈
a2
〉
=
∫
∞
0 a
2 |Ψ(a, τ)|2da∫
∞
0 |Ψ(a, τ)|2da
, (37)
and 〈a〉2 is obtained by squaring Eq. (35). By using the wavefunction (26)
and repeating the same procedure for computing 〈a〉, we obtained a = 〈a〉−σa
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for all HL parameters and N values considered. In what follows we present
our results on how 〈a〉 depends on the HL parameters (gc, gr, gs, gΛ) and N .
The values of the HL parameters and N , in all figures below, were chosen for
the sake of better visualization of results.
3.2.1 Behavior of 〈a〉 as gc varies
If we fix N and the HL parameters but gc, and let gc increase, we observe
that: (i) the maximum value of 〈a〉 decreases; (ii) the amplitude of oscillation
of 〈a〉 decreases; (iii) the number of oscillations of 〈a〉, for a fixed interval of
τ , increases.
That behavior may be understood by the observation of the potential that
confines the scale factor. As gc increases, 〈a〉 is forced to oscillate within an
ever smaller region. Under those conditions, for fixed N and the other HL
parameters, the maximum value and the amplitude of 〈a〉 both decrease.
Moreover, since the domain where 〈a〉 oscillates is smaller, the number of
oscillations of 〈a〉 for a fixed τ interval also increases. Figs. 1 and 2 illustrate
the behavior of the potential V (a) and of the expected value 〈a〉, for two
different values of gc whereas the τ interval, N and the other HL parameters
remain fixed.
Figure 1: The potential V (a) for gs = −2, gr = 120, gΛ = 0, for gc = 10
(left) and gc = 90 (right).
For gc = 10, we have E¯ = −104.592479205836. Therefore, from the
potential V (a) (Fig. 1), the interval where 〈a〉 oscillates is
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[0.3782813789, 1.182224715], which has an amplitude of 0.8039433361. On
the other hand, for gc = 90, we have E¯ = −73.7774376335110. The interval
where 〈a〉 oscillates is [0.2184008560, 0.6825577576], with smaller amplitude,
equal to 0.4641569016.
Figure 2: The expected value of the scale factor 〈a〉. Here, N = 2, gs = −2,
gr = 120, gΛ = 0. We show the cases of gc = 10 (left) and gc = 90 (right).
3.2.2 Behavior of 〈a〉 as gΛ varies
If we fix N and the HL parameters but gΛ, and let gΛ decrease, we observe
that: (i) the maximum value of 〈a〉 decreases; (ii) the amplitude of oscillation
of 〈a〉 decreases; (iii) the number of oscillations of 〈a〉, for a fixed interval of
τ , increases.
That behavior may be understood by the observation of the potential that
confines the scale factor. As gΛ decreases, 〈a〉 is forced to oscillate within
an ever smaller region. Under those conditions, for fixed N and the other
HL parameters, the maximum value and the amplitude of 〈a〉 both decrease.
Moreover, since the interval where 〈a〉 oscillates is smaller, the number of
oscillations of 〈a〉 for a fixed τ interval also increases. Figs. 3 and 4 illustrate
the behavior of the potential V (a) and of the expected value 〈a〉, for two
different values of gΛ whereas the τ interval, N and the other HL parameters
remain fixed.
For gΛ = −1, we have E¯ = −103.833980119716. Therefore, from the
potential V (a) (Fig. 3), the interval where 〈a〉 oscillates is
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Figure 3: The potential V (a) for gs = −2, gr = 120, gc = 10. We have used
gΛ = −1 (left) and gΛ = −25 (right).
[0.3676565615, 1.137772203], which has an amplitude of 0.7701156415. On
the other hand, for gΛ = −25, we have E¯ = −95.6220677191430. The interval
where 〈a〉 oscillates is [0.2927449802, 0.8679732690], with smaller amplitude,
equal to 0.5752282888.
Figure 4: The expected value of the scale factor 〈a〉 for N = 2, gs = −2,
gr = 120, gc = 10. We have used gΛ = −1 (left) and gΛ = −25 (right).
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3.2.3 Behavior of 〈a〉 as gr varies
If we fix N and the HL parameters but gr, and let gr vary, we observe that the
maximum value, the amplitude of oscillation and the number of oscillations
of 〈a〉 all remain constant. This is because as gr varies, the amplitude of the
interval in which 〈a〉 can oscillate is unaltered. Figs. 5 and 6 show examples
of how 〈a〉 behaves for two different values of gr, whereas the τ interval, N
and the other HL parameters remain fixed.
Figure 5: The potential V (a) for gs = −2, gΛ = 0, gc = 20. We have used
gr = 40 (left) and gr = 80 (right).
For gr = 40, we have E¯ = −18.2104751421654. Therefore, from the
potential V (a) (Fig. 5), the interval where 〈a〉 oscillates is
[0.3180954556, 0.9941285249], which has an amplitude of 0.6760330693. On
the other hand, for gr = 80, we have E¯ = −58.2104751421655. The interval
where 〈a〉 oscillates is [0.3180954556, 0.9941285249], which has an amplitude
of 0.6760330693. Identical to the case gr = 40.
3.2.4 Behavior of 〈a〉 as gs varies
If we fix N and the HL parameters but gs, by letting gs vary, we observe
that: (i) both the amplitude and the number of oscillation of 〈a〉, for a fixed
τ interval, remain the same; (ii) the maximum value of 〈a〉 increases as gs
decreases.
That behavior may be understood by the observation of the potential
that confines the scale factor. As gs decreases, the interval of oscillation
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Figure 6: The expected value of the scalar factor 〈a〉 for N = 2, gs = −2,
gΛ = 0, gc = 20. We have used gr = 40 (left) and gr = 80 (right).
of 〈a〉 is unaltered. Under those conditions, for fixed N and the other HL
parameters, neither the amplitude nor the number of oscillations of 〈a〉 vary.
Notwithstanding, decreasing gs the interval of oscillation of 〈a〉 shifts to the
right; hence the maximum value of 〈a〉 gets larger. Figs. 7 and 8 illustrate
the behavior of the potential V (a) and of the expected value 〈a〉, for two
different values of gs whereas the τ interval, N and the other HL parameters
remain fixed.
For gs = −20, we have E¯ = −70.9932768412420. Therefore, from the
potential V (a) (Fig. 7), the interval where 〈a〉 oscillates is
[0.7192555414, 1.390326445], which has an amplitude of 0.6710709036. On
the other hand, for gs = −120, we have E¯ = −13.0506261790150. The
interval where 〈a〉 oscillates is [1.265657001, 1.935350368], with amplitude
equal to 0.669693367.
3.2.5 Behavior of 〈a〉 as N varies
If we fix all the HL parameters but let N increase, we observe that: (i)
the maximum value of 〈a〉 increases; (ii) the amplitude of oscillation of 〈a〉
increases; (iii) the number of oscillations of 〈a〉, for a fixed interval of τ ,
remains constant.
That behavior may be understood by the observation that the mean en-
ergy associated with the wavepacket increases with the increase of N . As N
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Figure 7: The potential V (a) for gΛ = 0, gr = 120, gc = 20. We have used
gs = −20 (left) and gs = −120 (right).
Figure 8: The expected value 〈a〉 of the scale factor for N = 2, gΛ = 0,
gr = 120, gc = 20. We have used gs = −20 (left) and gs = −120 (right).
increases, 〈a〉 oscillates in a ever larger region; hence its maximum value and
the amplitude of the oscillation interval of 〈a〉 both increase. The number of
oscillations of 〈a〉 for a fixed τ interval does not change, though. Although
the mean energy increases, the potential energy does not vary; hence only
the kinetic energy increases. Therefore, 〈a〉 oscillates more rapidly in a larger
region. The most interesting result is that the oscillation velocity increases in
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such way that the oscillation frequency remains constant, as N is increased.
Fig. 1 provides an example for the potential V (a), and Figs. 2 and 9 for
〈a〉, for fixed values of the HL parameters but with different values of N .
For gc = 10, with N = 5, we have E¯ = −95.1047199335060. There-
fore, from the potential V (a) (Fig. 1), the interval where 〈a〉 oscillates is
[1.551262998, 0.2882899909], which has an amplitude of 1.262973007. On
the other hand, for gc = 10 and N = 10, we have E¯ = −79.2852819937343.
The interval where 〈a〉 oscillates is [2.005428161, 0.2230015536], with ampli-
tude, equal to 1.782426607. Those results must be compared to the results
shown in Figs. 1 and 2, in which gc = 10 and N = 2.
Figure 9: The expected value 〈a〉 of the scale factor for gc = 10, gΛ = 0,
gr = 120, gs = −2. We have used N = 5 (left) and N = 10 (right).
3.2.6 Results for the standard deviations
We calculated a = 〈a〉 − σa, in which 〈a〉 is given by Eq.(35) and σa by
Eq.(36), for different ranges of the HL parameters (gc, gr, gs, gΛ) and values
of N . For all computed cases, a is always positive, thus giving a stronger
indication that the present models are free from singularities at the quantum
level. As for the mathematical significance of that result, we should mention
that if our probability distribution were a normal one and if one took the
interval [〈a〉 − σa, 〈a〉 + σa], symmetric about the mean value 〈a〉, it would
cover 68, 26% of the area under the distribution curve [55]. Fig. 10 shows
two examples of how 〈a〉 and a evolve with time.
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Figure 10: The functions 〈a〉 and a = 〈a〉 − σa. during the time interval
0 < τ < 500000. Left: we have used gc = 90, gr = 120, gΛ = 0, gs = −2
and N = 2. Right: we have used gs = −20, gr = 120, gΛ = 0, gc = 20 and
N = 10.
4 DeBroglie-Bohm Interpretation
In this section we approach the HL quantum cosmological model using the
DeBroglie-Bohm interpretation of quantum mechanics [26, 27]. There are
several works in quantum cosmology that have employed such interpretation
[23, 28, 29, 30, 31, 32, 33, 34, 35]. We aim at comparing results obtained
from this interpretation with that of theMany Worlds interpretation, mainly
that the model is free from singularities at the quantum level.
The first step of applying DeBroglie-Bohm interpretation is that of rewrit-
ing the quantum cosmological wavefunction Ψ(a, τ) in its polar form [27]
Ψ(a, τ) = R(a, τ)eiS(a,τ), (38)
in which R(a, τ) and S(a, τ) are the amplitude and phase of the wavefunction,
respectively. Equations for R(a, τ) and S(a, τ) can be obtained by inserting
Ψ(a, τ) of Eq. (38) into Eq. (21). Following Refs. [27] and [56], we then
obtain two independent equations: one from the real part,
(
∂S(a, τ)
∂a
)2
+Q(a, τ) + 4
(
gcka
2 − gΛa4 − grk2 − gsk
a2
)
= 0, (39)
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and another from the imaginary part,
2
∂R(a, τ)
∂a
∂S(a, τ)
∂a
+R(a, τ)
∂2S(a, τ)
∂a2
+
4
a3ω−1
(
∂R(a, τ)
∂τ
)
= 0. (40)
In Eq. (39), the function Q(a, τ) is known as the Bohmian quantum
potential. From the calculations leading to Eq. (39) one obtains that Q(a, τ)
is given by,
Q(a, τ) = − 1
R(a, τ)
∂2R(a, τ)
∂a2
. (41)
The Bohmian trajectory of the scale factor a is [27]
da(τ)
dτ
=
1
M
∂S
∂a
, (42)
in which, from Eq. (16), we have the mass M = 2.
In DeBroglie-Bohm interpretation, the quantum behavior of the Universe
is described by the solution of Eq. (42). To each given initial value of a(τ)
corresponds a deterministic scale factor trajectory, representing the evolution
of the Universe at the Planck scale.
4.1 Bohmian trajectories of the scale fator a
Using the wavepacket determined in Eq. (26), we have obtained its polar
form, Eq. (38), identifying its amplitude and phase. Inserting its phase
S(a, τ) in Eq. (42), we computed the Bohmian trajectories of a, for different
values of all HL parameters. We have used here the same procedure as that
of the previous section, in order to investigate how the Bohmian trajectories
of a depend on the HL parameters. We fixed all parameters but one, and
let that parameter vary over a wide range of values. Then, we repeated
the calculation, in the same manner, for all HL parameters. Eq. (42) has
been solved, then, for many different values of gc, gΛ, gr, gs and N . For all
values, the qualitative behavior of the Bohmian trajectories of a(τ) were the
same. They oscillate between maxima and minima values and never vanished.
Therefore, in the same way as in theMany Worlds interpretation, as we saw in
the previous section, in the DeBroglie-Bohm interpretation those models are
free from singularities. We have also noticed that the Bohmian trajectories
of a are, qualitatively, very similar to the corresponding expected values
23
of a. That result helps verifying the equivalence between both quantum
mechanical interpretations.
In what follows, we compare some Bohmian trajectories of a with their
corresponding expected values of a. In order to better compare those two
quantum mechanical interpretations we used, for each model, as initial con-
ditions for a(τ) at τ = 0, in the Bohmian trajectories of a, the expected
values of a at τ = 0.
4.1.1 Bohmian trajectories of a as gc varies
Solving equation (42) for several different values of gc, N and various τ
intervals, while keeping fixed the other HL parameters, we have observed the
following properties of the Bohmian trajectories of a, as gc increases: (i) the
maximum value of a decreases; (ii) the amplitude of oscillation of a decreases;
(iii) the number of oscillations of a, for a fixed τ interval, increases. Such
behavior, exemplified in Figs. 2 and 11, agrees with that of the expected
value 〈a〉, described in the previous section.
Figure 11: Bohmian trajectories of a for N = 2, gs = −2, gr = 120, gΛ = 0.
Left: we have gc = 10. Right: we have gc = 90.
4.1.2 Bohmian trajectories of a as gΛ varies
Solving equation (42) for several different values of gΛ, N and various τ
intervals, while keeping fixed the other HL parameters, we have observed
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the following behavior of the Bohmian trajectories of a, as gΛ decreases:
(i) the maximum value of a decreases; (ii) the amplitude of oscillation of a
decreases; (iii) the number of a oscillations, for a fixed τ interval, increases.
Such behavior of the Bohmian trajectories agrees with that of the expected
value 〈a〉, obtained in the previous section. Figures 4 and 12 exemplify such
agreement.
Figure 12: Bohmian trajectories of a for N = 2, gs = −2, gr = 120, gc = 10.
Left: we have gΛ = −1. Right: we have gΛ = −25.
4.1.3 Bohmian trajectories of a as gr varies
Solving equation (42) for several different values of gr, N and various τ
intervals, while keeping fixed the other HL parameters, we have observed
that the maximum value, the amplitude of oscillation and the number of a
oscillations do not vary as gr varies, for a fixed τ interval. Such behavior
agrees with that of the expected value of a, obtained in the previous section.
Figs. 6 and 13 illustrate that agreement.
4.1.4 Bohmian trajectories of a as gs varies
Solving equation (42) for several different values of gs, N and various τ
intervals, while keeping fixed the other HL parameters, we have observed
the following behavior of the Bohmian trajectories of a, as gs varies: (i) the
amplitude of oscillation and the number of oscillations of a, for a fixed τ
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Figure 13: Bohmian trajectories of a for N = 2, gs = −2, gΛ = 0, gc = 20.
Left: we have gr = 40. Right: we have gr = 80.
interval, do not vary; (ii) the maximum value of a increases as gs decreases.
Such behavior agree with that of expected value 〈a〉, obtained in the previous
section. This is exemplified by Figs. 8 and 14.
Figure 14: Bohmian trajectories of a for N = 2, gr = 120, gΛ = 0, gc = 20.
Left: we have gs = −20. Right: we have gs = −120.
26
4.2 The Bohmian quantum potential
Observing the quantum potential Q(a, τ) in Eq. (41) for the present models,
it is not difficult to understand why they are free from singularities. Here,
together with the Bohmian trajectories of a, we have also computed the
potential Q(a, τ) for many different values of gc, gΛ, gr, gs and N . The
calculations have been made over each Bohmian trajectory of a. For all
situations considered, we obtained the same qualitative behavior for Q(a, τ).
If we compute the quantum potential Q as a function of τ only, we see
that it oscillates between maximum and minimum values. There are two dif-
ferent types of maximum values: the absolute maxima and the local maxima.
The absolute maxima values are greater than the local maxima values. The
absolute maxima of Q occur as the scale factor reaches its minimum values.
Therefore, Q(a, τ) prevents a(τ) from ever vanishing. On the other hand,
the local maxima of Q occur as the scale factor reaches its maximum values.
In this way, the quantum potential prevents the scale factor from reaching
infinite values. We have also computed Q(a, τ) as a function of a only. In
that case, for all considered values of gc, gΛ, gr, gs and N , we have observe
the same type of quantum potential curve. The absolute and local maxima
values of Q can be clearly identified in that curve. Fig. 15 exemplifies the
Bohmian quantum potential Eq. (41) for the model with gΛ = −1, gc = 10,
gr = 120, gs = −2 and N = 2. In the left panel of Fig. 15, Q is shown as a
function of the time τ ; in the right panel, Q is shown as a function of a. For
a better understanding of the behavior of Q it is important to observe the
Bohmian trajectory of a plotted on the left panel of Fig. 12. The same time
interval used for a in Fig. 12 has been used for Q in Fig. 15, and the initial
condition a(τ = 0) for that trajectory was given by the expected value of a
at τ = 0, for the same model.
5 Conclusions
In the present paper, we canonically quantized a homogeneous and isotropic
Horˇava-Lifshitz cosmological model, with constant positive spatial sections
and coupled to radiation. We considered the projectable version of that
gravitational theory without the detailed balance condition. We used the
ADM formalism to write the gravitational Hamiltonian of the model and
the Schutz variational formalism to write the perfect fluid Hamiltonian. We
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Figure 15: Left: the quantum potential Q as a function of the time τ . Right:
the quantum potential Q as a function of the scale factor a. In both panels,
we have gΛ = −1, N = 2, gc = 10, gr = 120 and gs = −2. The potential Q
shown has been computed along the Bohmian trajectory of a presented on
the left panel of Fig. 12.
obtained the Wheeler-DeWitt equation for the model, which depends on sev-
eral parameters coming from the HL theory. We studied the case of bounded
solutions to the Wheeler-DeWitt equation, and the HL parameters have been
chosen accordingly.
First, we have solved it using theMany Worlds interpretation of quantum
mechanics. Using wavepackets computed with the solutions to the Wheeler-
DeWitt equation, we obtained the expected value of the scalar factor 〈a〉. We
showed that this quantity oscillates between maximum and minimum values
and never vanishes, indicating that the model is free from singularities, at
the quantum level. We have also reinforced this indication by showing that
if we subtract a standard deviation unit of a from the expected value 〈a〉, a
positive value is still obtained. We have also studied how the expected value
of scale factor depends on each of the HL parameters and N .
Then we have used the DeBroglie-Bohm interpretation of quantum me-
chanics. First, by computing the Bohmian trajectories of a, for many different
values of the HL parameters and N . We showed that a, for all those trajec-
tories, oscillates between maximum and minimum values and never vanish,
in agreement with the behavior of the expected value of a. We were able
to evaluate how those trajectories depend on the HL parameters and N and
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compare the Bohmian trajectories of a to the expected value 〈a〉, showing
that they agree for the corresponding models. Finally, we computed the
quantum potential Q, for many different values of the HL parameters and
N , showing how that quantity helps understanding why the scale factor never
vanishes, in the present HL cosmological model.
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